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Microcanonical ensemble

Isolated system 1

Configurations 9 Hamiltonian H 4

Boltzman hypothesis If the dynamics is sufficiently chaotic then after
a longfine all configurations with the same energy are equally likely

Energy Ho then p 9 0 if H 91 H
otherwise

Her Ho is a manalization castant α ano ofthe energy senface ofenergyHo
Microcanaicalentropy S his lr Ho
Microcanonical terperative I

Canonicalusable

System Thermostat can exchangeenergy but

they are isolatedfrom
the restof theworld

System Thermostat on in themicrocanonicalensemble Boltzman weightforthesystem

P A e β β It with In the microcanaical temperatureof
the

thermostat

and Z I e
β

a manalizationcastantcalledthe partition function

limitatics rather abstract setting

saysnothing a the dynamicsofthesystem

Goal Do better



2 The Langerimequation

Iea Wewant to startfronafalladel f he

for the bath the colloid derive

a closed effective dynamics forthecollidand
ii ishowthat at lagfire it cavengesto P a

5134191

liquidmolecules v10 10m area 10 20m

colloid 10 6m area neo me
0 108 liquidmolecule in contactwith

the colloid

lotsofrandom
collisions want tobuilda statistical treatmentof these collisions

Franewah For simplicity we work in d 1 space
diversion

Cid mass M position X momenten I

Fluidmolecules mass m 1 CCM positions 9
momenta Pi

I Σ VFF 9 9Hailtain it Int paigEtgÉIh aait.in eid intheabsence

of the colloidthisits
Equationsofmotion Mx P D V'IN

9 P p Vic x 9il E VFF 9 9

Goal characterize f starting for the eq ofnotions

Proble I_possible to solve the eqofnotin in guend
This levelof description containstoomuch information needto eliminate 9 pi

Ida Eliminate a p to geta selfcasistent Ignais for nd p



let's tryto guesstheresult

If thecollid was atrestfor t t p 0

By symmetry there cannotbe a non zero average face onthe colloid

Cf Fl Vec xcel gil o where C represents an averageover

repeated experiments on samples

Suppose now that at time t the colledstartsmoving so that HE 1H If deo
the Vic 1 41 gil Vii h g deÉ l

1 Vic Hi gilt de It Vic x1 1 9 1

Vfi x a 9 D de11 Vic 41 9

Tepins they
in all

feel del PH Vic x1H 9
The
averageforceexertedbythefluid is α plel frictia face dumping

Total face should be the averageface fluctuations and it

Expectedresult p Vext Op fluctuation let's showthatthis is therightintuition
derivethisnae rigorously

noblethis resultinverydifficult toestablishfora generalcase and we willthismakesa approximat

Vec generis too caplicated use harmonicoscillator instead

SinaMSS1 thenotionofthecolloid is muchslower thanthatofthefluid adiabatic

approximation Wecaside that at an arbitrary time t o the fluid is equilibrated

P 9 p t o exp βHfc 101 airpi βHFF ai pi 1

We are going toshowthat equilibrium is contagions i e that a bath in thecanonical

ensemble endows an immersedcolloid with a dynamics thatdrives it to equilibrium



2 1 Am exactly solvable case

Inspired by R Zwanzig Nonequilibrium statisticalmechanics that is itself
inspired by a seriesofarticles

Feynman Vernon Annalsof Physics 24 118 173 1963

Ford Kag Mayan 5 Math Phys 6 504 19651
Caldeina Leggett Phys Rev left 46 211 214 19811

Caside H In vex E.PE 419 x1

2 1 1 Selfconsistent dynamics for x p
Equations ofmotion q p 111 p ai 9 x1 171

M i p 13 p V 11 wi x gi 4

Solve 1118121 intern oftheir sance It injecttheresultinto Eq141

1 414 9 wig win
hanogeneas solution q f A cawit Bi si wit

general solution q ltl p if q.PH with914 a particularsolutionof 1 1

Look for a particular solution ofthefan 9,11 fidsfit stats whenf is a Green'sfunition
tobedetermined

9 f flo a14 Stds f t s mis

g f flolu.lt tf'lolaltstfidsf t stars

we need If wig wise

flola.lt f'lolultl Stds f t s wifit si a s win it

Impairy lefthand side right handside we seethatwe need

f lol wiin f 5awi Ñ5 w



9 1 1 fids wisin wilt sBu s
Since q fol 9 o a D q lol 9 lol A 9 lol 9it101 Bia pilot

11 all flickr.fitwi tdssn wits1ns
hi yieldsgift intensof pilotpilot w thecolloid'strajectory a s set

Wenow wanttogobacktotheequations s 41forthecolloid

Lt'sworkon x q to seethatplet is indeedpresent in theforceexertedby thefluid

1 1 gift aset Stds w sin wiltsifu1st 9 lolcoswit 1ghim wit
V41 ios wilt s a's lids coswilt si 11 9 l l coswit PI sin wit

Stds cos wilt si Ppf 101 a lol cos wit sinfit
Now we cancloseour systemofequation

Val fidsPff wies wilt s wipitol fi wit wi 9 lol 101 cafit

p v 1 1 folds x s k t s SH 1

when k ul is a friction kernel thattells us how a displacementat time
s at leads to a man zero face a the colloid at time t s

kful WEwi asCain is entirely determined by thecastats wi fixed are the

system is defined

411 I u pilot sirlitt wi ailot lot catiti will represent the fluctuating

part of theface that depends a the positions mantaof the fluidat t 0

2.1.4Fluituationandfuictionthefluctuat.in



If we assure that at t o thefluid is equilibrated then we can

characterize thefluctuations of 914

For concision we wite qlol q pilot pi and atrom

P pipi exp p 4 19 x if Pplpit Pg a

p 9 101 an independent Gaussian random variables RV

541 is this a linear combination of Gaussian RV it is also a GussiaRV

The characteristicfunction of a Gaussian is a Gaussian

letz be a GRV ply Frap
e t.pl zeits

t
fgvFeitie

E

eids

Conversely if ce e I the inversion theorem tells usthat

is a GRV

Yififf.intitndn ain



ein e is eidity

eidity ri
eideet

plxt 1me
Canent a Gaussian distribution like pkt is entirely characterized

by its twofirst amulants a and ca's ca's Cas

For each valueof t 9H is a Gnr but SHIand9H arenotindependent

characterized by 9H17 and 5145412
Using that P q a β 1 9

Pipil a e βPE we cannowproceed

941 w sin wit P wjcoswith ffg
0

0

SHISHTS SHISHI

E w sinwit p wjcoswit 9 xD wasincwatipitwicascw.tlqi x

Threetypes of tens P Pi IT die

49 191 4 dies

P 98 x p 9p x 0

SHI H I wjhtsimfwjetfinfwjtltwjhtcoslajttca.ca t
AT wj cos wilt ell



SCH 141 AT K t t

This relation is called the Fluctuation Dissipation
Theorem It

shows how for the dynamics induced by an equilibrated
bath friction an fluctuation are related to each other by
the temperature of the fluid

Livin dynamics piet depends on pls at eculin tires set

The system has a memory
stand in the degrees of freedomofthe

fluid Dynamics like A which are not entirely determinedattintby

the valuesof the degreesoffreedom
considered at time t am called

non Markovian

On the contrary 1 4 was Markovian for thefullsetof dof
xp 9spill

Eliminating airpis is nice but it comes at aprice thememory

henel Klul

The damping
let us denote by g

a do thememberof oscillators with wie ca wida

K ul Zajcos wml glad w costwaldw

g a is a propertyof an fluid
which determines its memory handKlul



lutuschooseglwt.EE

her K 1 2 1 casatdw fdaleiwtte.it Efjeiatdw

Since I al site de e then set Effweiately

hf g
dwent

Damping Pff no oct 5

Its fist ols flo
Here dsf slots

841
this.fr al

f

jtsfislrist S dsfesidlsl

f.tl 20dlt s
EPl4Thefulldgnanicsthuread
g pip _Ip V 4SI

when SH is then a Gaussian white mass
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